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Synopsis

Heat transfer for power law non-Newtonian fluid with heat generation and axial conduction is
analyzed. Radial and axial temperature distribution and the Nusselt number inside a tube are ob-
tained in terms of nonorthogonal series expansion. Eigenvalues and eigenfunctions are given for
different values of various parameters. The effects of Peclet number, power law model index, viscous
dissipation, and heat generation on the temperature distribution and Nusselt number are discussed.
Comparison of the present results for extreme cases with those obtained by previous workers shows
good agreement.

INTRODUCTION

The study of heat transfer in non-Newtonian pipe flow has been quite extensive
in the past 25 years for practical reasons. Transfer of heat to flowing polymer
solutions or melts has been important in polymer processing, and simultaneous
internal heat generation and transfer of thorium oxide slurries in both core and
blanket regions of nuclear reactors are also of particular interest. Complete
understanding of heat effect is extremely important in the preparation of good
polymer concrete.

Among the numerous investigators of non-Newtonian heat transfer in laminar
pipe flow, Pigford'® examined heat transfer with Leveque’s approximate solution.
Lyche and Bird® extended the Graetz—Nusselt probiem to power law fluid non-
Newtonian pipe flow and obtained a semianalytical solution. Toor!2 investigated
problems similar to those studied by Lyche and Bird® but took into account in-
ternal heat generation. Toor!2 lumped both the compression work and the heat
source terms together in his analysis, and therefore the individual effects of these
two terms are not easily distinguished. A recent analysis of pseudoplastic fluids
with arbitrary wall heat flux has been performed by Faghri and Welty.* Previous
workers usually neglected the axial heat conduction term in their analysis,
arguing that it is generally small compared with the axial convection term. This
assumption cannot be valid if high thermal diffusivity fluid flows at a low mean
velocity, in which case it may be necessary to include axial conduction in the
analysis. However, inclusion of the axial heat conduction term in the energy
equation changes the partial differential equation from parabolic to elliptic, with
the result that the eigenfunctions derived from the Graetz—Nusselt technique
are no longer orthogonal. This presents some difficulty in obtaining a solution.
Methods used previously for Newtonian fluid heat or mass transfer with axial
conduction or diffusion®® will be applied here to the non-Newtonian case.

The objective of this paper is to present a solution and to investigate convective
heat transfer with axial conduction of a non-Newtonian power law fluid flowing
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in a tube with internal heat generation due to compression work and the heat
source.

ANALYSIS OF THE PROBLEM

When a non-Newtonian fluid is flowing in a horizontal tube with constant
physical properties, several assumptions can be made in formulating the problem.
One can consider a steady, hydrodynamically developed laminar flow with a
constant wall temperature. Heat production inside the tube due to viscous
dissipation and heat generation is taken into account. The importance of the
first term can be seen in the extrusion of molten plastics, while the significance
of the second term can be seen in the nuclear core or blanket regions of thorium
oxide. With these assumptions, one can write the energy equation as
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where the last two terms represent heat production due to viscous dissipation
and heat generation. Note that if s = 1, the fluid is Newtonian; if s <1, the fluid
is pseudoplastic; and if s > 1, the fluid becomes dilatant.
The boundary conditions are
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The inlet boundary condition (2) is used here for first approximation. A
rigorous treatment can be followed by using the method of Hsu? and Dang.?
Introducing the dimensionless parameters
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one can transform egs. (1) to (4) into the following:
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One can take the solution of this set of equations as the sum of two parts 01(n)
and 02(¢,m):

=0 (8)

0(&,m) = 01(n) + 02(&,m) 9

where 0(n) is the asymptotic solution obtained for the downstream region where
the temperature profile is fully developed and 85(£,n) is the entrance region so-
lution.

It is quite straightforward to obtain the solution for 8,(n):

Bs?
] =
) = o A D@s + 1)
05(£,m) satisfies the partial differential equation of the first three terms of eq.
(5) and its corresponding suitable boundary conditions (6) to (8). Taking 8:(£,9)
in the form

(1 = nles+0rs) + g (-1 (10)

Ba(&m) = z AnR,(n) exp (—az§) (11)
one can obtain a set of differential equations defining R,, () as
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Equations (12) to (14) can be solved readily by either the Runge-Kutta method
or in terms of a confluent hypergeometric function. The expansion coefficients
A,, cannot be determined by classical methods of orthogonal expansion but can
be determined by the solution of the following set of linear algebraic equations
which are obtained by truncating the series to n = 20 in the present case instead
of taking infinite terms as in eq. (11). Hence, the matrix equations that govern
A, are

Adn+ 3 TamAn=1, (16)
man
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4 s+1)2 i
Ty = (02 — a2, STo f RoRm d 19

nm = (@ a)(Pe)2(3s+1) o " 7 (19)
Equation (16) is solved numerically by the Gauss—Seidel method after I,,, <J,,,
and I',, ,,, are evaluated.

RESULTS AND DISCUSSION

Equations (12) to (14) are solved numerically by the iteration technique.
Eigenvalues and eigenfunctions are obtained when the absolute value of R, (1)
is less than 10710, In the present study, eigenvalues and their related constants
are obtained for the following: Pe =1, 5, 10;s =0.25,0.5,0.75,1, 1.5, 2.0; 8 =
—1,-0.5,0,0.5,1.0;6 = —1,1. However, only some of the eigenvalues and related
constants of these parameters are reported in Tables I through XV. The results
are believed to be very accurate. Comparison can be made of some simpler
problems like those presented here with those available in the literature. When
Pe — =, 3 = § = 0, the present problem reduces to that solved by Lyche and
Bird®; and when s = 1, Pe — =, 8 = § = 0, this becomes the classical Graetz—
Nusselt>? problem. In Table XVI, the eigenvalues from the present results are
compared with those of Lyche and Bird,® Sellars et al.,!! and Abramowtiz.}
Lyche and Bird® reported only four eigenvalues for s = 1, 0.5, and three for s =
1/3. Sellars et al.!! reported ten approximate eigenvalues for the Graetz—Nusselt
problem, while Abramowitz! gave five accurate eigenvalues. The results pre-
sented in this report are in good agreement with those of the previous workers.
Although 20 eigenfunctions are evaluated in the present analysis, only the first
three are compared with those of Lyche and Bird because these are the only
values reported by them. Again (Table XVII), good agreement is obtained be-
tween the two sets of values.

Figures 1 and 2 show the first four eigenfunctions for different values of power
law index s. For clarification purposes, the eigenfunction for s = 0.5 is omitted
in these figures. It should be noted that for the present problem eigenfunctions
are determined as long as Peclet number Pe and power law index s are specified,
and they will be the same for all values of 3 and 6. The higher the order of ei-
genfunctions, the higher the number of eigenfunctions that cross over the zero
value. The first four eigenfunctions can be used to approximate temperature
distribution as well as the Nusselt number, as will be discussed later. However,
if high accuracy is required, 20 or more eigenfunctions are needed for the cal-
culations. Defining the dimensionless average temperature as

fa u.Ordr

Jo 0000

fa u,rdr
0

one can then obtain an expression for the dimensionless average temperature
by substituting egs. (9) to (11) into the above expression and evaluating
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R, (m) 8 R, ()

Fig. 1. First two eigenfunctions in non-Newtonian tube flow (Pe = 5) for different values of

the power law index: Ri(n): (1)s =0.25,(2) s = 0.75,(3) s = 1.5; (4) s = 2; Ra(n): (5) s = 0.25; (6)
s§s=0.75;(Ns=15(8) s =2
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Fig. 2. Third and fourth eigenfunctions in non-Newtonian tube flow (Pe = 5) for different values

of the power law index: R3(n): (1) s = 0.25; (2) s = 0.75; (3) s = 1.5; (4) s = 2; Rs (n): (5)s = 0.25;
(6)s =0.75; (7) s = 1.5;(8) s = 2.

In addition, if one defines the Nusselt number as

one obtains

2 [ Bs L5 & 4 dRa)

= — 2
A Op(£) 25 + 1 = dn exp (—anf) (21)
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Before proceeding further, it is desirable to calculate the simplified results
from the present analysis and compare them with those of previous workers. The
dimensionless average temperature versus axial distance along the tube for Pe
— o and § = 6 = 0 is shown in Figure 3 in a comparison of the present result with
those of Lyche and Bird.®? Exact agreement is obtained for the two methods.
[It should be noted that Lyche and Bird obtained the eigenfunctions R, () by
expanding them in terms of a series expansion with respect to the dimensionless
radial coordinate 1, a method different from the one used here.] Comparison
has also been made of radial temperature distributions obtained by the two
methods at various axial positions and good agreement is shown.

Figure 4 shows the effect of 8, which is directly related to the Brinkman
number, on the dimensionless average temperature distribution and on the
Nusselt number. As 8 increases from —1 to 1 at 0.5 intervals, the dimensionless
average temperature also increases. When the value of 3 increases, heat gen-
eration in the fluid due to viscous dissipation also increases, and therefore the
temperature of the fluid is expected to rise. Since heat is constantly transferred
to the wall from the fluid, the temperature of the fluid decreases along the length
of the tube. From the curves of the Nusselt number to the axial distance of the
tube, one can see that a high heat transfer rate occurs in the entrance region of
the tube and decreases to a constant value further downstream. The Nusselt
number is also larger for a larger value of the parameter 8. A higher 8 value
corresponds to a larger temperature difference between the fluid and the wall
and consequently a higher heat transfer rate.

1.0 T T T T T T

aPe

Fig. 3. Comparison of the present simplified results with those of Lyche and Bird8 for the di-
mensionless average temperature vs. axial distance for different values of the power law index: Pe
= 108; 8 = § = 0; (—) present results; (X) Lyche and Bird.
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Fig. 4. Dimensionless average temperature and Nusselt number vs axial distance for various
Brinkman numbers: Pe=1;6=1;s =0.75;(1) 3=-1.0; (2) 8= —-05;3) 3=0;4) 8=0.5;(5) 8
=1.0.

Figure 5 shows the effects of 8 and 6 on the dimensionless average temperature
and the Nusselt number. Some effects are obtained relating to the range of
parameters investigated, 8 = —1, —0.5,0, 0.5, 1 and 6 = —1 and 1. A positive
value of 6 is equivalent to a heat source, while a negative value of d is equivalent
to a heat sink in the system. When 6 = —1 and for all the values of 3 examined,
the dimensionless average temperature 8, can decrease to a negative value further
downstream in the tube. Since a negative value of 6 is equivalent to a heat sink
in the fluid; the temperature of the fluid may decrease to a value lower than that
of the temperature of the wall. This then causes 8 to be negative. The Nusselt
number also decreases along the length of the tube and may become negative
at the location where 8, — 0. In the region where 6, <0, both the temperature
difference between the fluid and the wall and the temperature gradient at the

B 1 s e e 1 A 101 A
Y —860
0.8 'ﬁ“l\\\"‘\ -150
AN
DNEERN
0.6 N N — 40
= ~.
LY \\\ \\‘ ~ B=1,8=1 =
0.4 AN 130
NN Bl 8l
L SUNPUAN i
0.2 B=-1.8 '"\\\/3=l,s=l 20
\
(o] = SR B=1,5:=1 —H10
B=-),8=- T SRIN T 8
Lol LUl L1y
0.01 0.l |
X
aPe

Fig. 5. Dimensionless average temperature and Nusselt number vs axial distance for various values
of Band 6: Pe =1;6=1.5.
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wall change sign so that the Nusselt number becomes negative. This phenom-
enon was also observed by Vlachopoulos and Keung.l3 When é = 1, the average
dimensionless temperature of the fluid decreases to a positive constant value,
and the corresponding Nusselt number also approaches the constant value.
When both 8 and 6 are negative, they act like a sink in the fluid so that the
temperature of the fluid can decrease to a value lower than that of the wall
temperature.

Figures 6 to 8 show the dimensionless average temperature and the Nusselt
number for Pe = 1, 5, and 10, and for s = 0.25, 0.5, 0.75, and 2. For any Peclet
number investigated, the dimensionless average temperature and the Nusselt
number increases as the power law index s decreases (s < 1 corresponds to a
pseudoplastic fluid, s > 1 corresponds to a dilatant fluid). This implies that a
pseudoplastic fluid transfers more heat than a dilatant fluid. When s is kept
constant, the dimensionless average temperature downstream in the tube in-

a Pe
Fig. 6. Dimensionless average temperature and Nusselt number vs axial distance for various values
of the power law index for flow ina tube (Pe - 1,6 =1,8=—1): Pe=1;6=1;8=—1.

I i I I I T T I I T I
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o Y} A N D S D O N U Y N S N
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Fig. 7. Dimensionless average temperature and Nusselt number vs axial distance for various values
of the power law index for flow ina tube (Pe = 5,6 = 1,83 =~1): Pe=5;6=1;8= -1.
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Fig. 8. Dimensionless average temperature and Nusselt number vs axial distance for various values
of the power law index for flow in a tube (Pe = 10,6 = 1,8=—1): Pe=10;6=1;3 = —1.

creases as the Peclet number decreases because of axial conduction. For Pe =
1 to 10, the Nusselt number remains at about the same value for £ 2 1. However,
at a small value of £, the Nusselt number becomes larger as the Pe decreases,
which indicates a strong effect of axial conduction on the Nusselt number at the
entrance region.

SUMMARY AND CONCLUSION

From the present study it is found that (1) the heat transfer rate increases when
the Brinkman number increases; (2) when values of 3 and é are negative, the
system acts like a sink and the dimensionless average temperature can be lower
than the dimensionless wall temperature; (3) the heat transfer rate increases as
the fluid changes from dilatant (s > 1) to pseudoplastic (s < 1); and (4) when axial
conduction increases (Peclet number decreases), a higher dimensionless average
temperature is obtained.

Nomenclature

radius of tube

coefficient of series expansion in eq. (11)
heat capacity

heat transfer coefficieent
integral defined by eq. (17)
integral defined by eq. (18)
thermal conductivity
constant in power law model
Nusselt number, eq. (21)
aUapCp/k

heat generation term

radial coordinate of tube
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eigenfunctions

power law model index
temperature of fluid
inlet temperature

wall temperature
average velocity of fluid
axial coordinate of tube

Greek Symbols

eigenvalues

3s + 1\s+1 mU,,5+1a!—s

( 2s ) k(To — To)
__gqa®
k(TO - Tw)
integral defined by eq. (19)
r
a

T-T,

To— Ty

defined by eq. (10)

defined by eq. (11)

defined by eq. (20)
2(s + 1x

(8s + 1)aPe
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